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Abstract
In this paper we consider the semilinear parabolic equation∑m
i,j=1 aijXiXju – ∂tu + Vu
p = 0 with a general class of potentials V = V(ξ , t), where
A = {aij}i,j is a positive deﬁnite symmetric matrix and the Xi ’s denotes a system of
left-invariant vector ﬁelds on a Carnot group G. Based on a ﬁxed point argument and
by establishing some new estimates involving the heat kernel, we study the existence
and large-time behavior of global positive solutions to the preceding equation.
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1 Introduction
Global existence and asymptotic behavior of solutions to nonlinear parabolic equations
have been followed with interest over the past years [–].
In this paper we are concerned with the existence and asymptotic behavior of global




i,j= aijXiXju – ∂∂t u +V (ξ , t)up = , (ξ , t) ∈G× (, +∞),
u(ξ , ) = u(ξ ), ξ ∈G. (.)
Here p > , X, . . . ,Xm are left-invariant vector ﬁelds on a Carnot group G, and the matrix
A = {aij}i,j is symmetric and positive deﬁnite, that is,
–|Z| ≤ 〈AZ,Z〉 ≤ |Z| (.)
for some constant  > , every Z ∈ Rm. For a ﬁxed  ≥ , we denote by M the set of
m×m symmetric matrices A satisfying (.).
It is well known that the Euclidean space Rn, with its usual Abelian group structure, is
a trivial Carnot group. In the Euclidean case, we ﬁrst recall that Zhang [] studied the
global existence for a parabolic problem in divergence form analogous to (.) when the
potential V is in parabolic Kato class at inﬁnity P∞, the asymptotic behavior of solutions
for the problem was studied by Zhang and Zhao []. Riahi [] extended the results in []
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and [] to a new functional class P∞loc more general than the parabolic Kato class P∞ and
proved that the problem au – ∂tu + V (x, t)up =  has a global continuous solution. The
author in [] also gave the asymptotic behavior of the global solutions when V = V (x) is
independent of time. The proofs in [–] rely on some heat kernel estimates. We see that
the fundamental solutions to the parabolic operators on the Euclidean space have explicit
expression. A natural question to ask is whether the results in [–] can be generalized
to general degenerate parabolic operators whose fundamental solutions are not known
explicitly.
One of the most important degenerate parabolic operators is the heat operator associ-
ated with the subelliptic operator on a Carnot group. These classes of operators naturally
arise inmany diﬀerent settings: geometry in several complex variables, curvature problem
for CR-manifolds, sub-Riemannian geometry, diﬀusion processes, control theory, human
vision (see [, ] and the references therein). In recent years many authors have under-
taken the research on degenerate heat equation on Carnot groups; see for example [, ]
and [–].
In the present paper we will generalize the global existence and asymptotic results of
[] and [] to the degenerate heat equation on the Carnot group G. Let us brieﬂy dis-
cuss the method we are going to adopt. We will use a ﬁxed point argument to achieve
existence. This requires us to obtain a number of new estimates involving the heat ker-
nel, which are based on the Gaussian bounds for fundamental solutions for the operator
LA =
∑m
i,j= aijXiXj – ∂t (see []). The asymptotic behavior of the global solutions are ob-
tained by establishing global Gaussian upper bounds for the fundamental solution of cer-
tain linear degenerate parabolic operators on Carnot groups. The result will serves as a
bridge between the degenerate parabolic problem and the corresponding subelliptic sta-
tionary problem.
The paper is organized as follows. In the next section, we ﬁrst present the necessary
background material concerning homogeneous structures on Carnot groups and intro-
duce some basic deﬁnitions. Then we summarize our results in Theorem . and The-
orem .. Section  is devoted to the proof of some heat kernel estimates which will be
used in the following sections. Theorem . and Theorem . will be proved in Section 
and Section , respectively. In the Appendix, we present two results as regards the class of
potentials P∞loc.
2 Main results
Westart by giving the deﬁnition of aCarnot group.Wewill considerG = (RN , ·) as aCarnot
group with a group operation · and a family of dilations, compatible with the Lie structure.
ACarnot groupG of step r ≥  is a simply connected nilpotent Lie groupwhose Lie algebra
g admits a stratiﬁcation g =
⊕r
j=Vj, with [V,Vj] = Vj+, for  ≤ j < r, [V,Vr] = {}. We
assume that a scalar product 〈·, ·〉 is given on g for which the Vj ’s are mutually orthogonal.








λx(),λx(), . . . ,λrx(r)
)
.
Here x(i) ∈ RNi for i = , . . . , r and N + · · · + Nr = N . The topological dimension of G is
N , whereas the homogeneous dimension of G, attached to the dilations {δλ}λ>, is given
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by Q =
∑r
j= jNj. Let m = N and X = {X, . . . ,Xm} be the dimension and a basis of V, re-
spectively. Let Xu = (Xu, . . . ,Xmu) denote the horizontal gradient for a function u and
|Xu| = [∑mi= (Xiu)]

 .
Let e be the identity on G. For ξ ∈ G, we denote by ξ– the inverse of ξ with respect to
the group operation. In the sequel, ρ will denote the Carnot-Carathéodory control dis-
tance generated onG by the Xi’s (see []). There is a remarkable link between the control
distance ρ and the homogeneous Lie group structure on G. Indeed, we have





= λρ(e, ξ ), ξ ∈G,λ > .
By denoting ρ(ξ , e) simply by ρ(ξ ), we deﬁne a norm function ρ(ξ ) ∈ C∞(G\{e})∩C(G)
such that
() ρ(ξ ) =  if and only if ξ = e;
() ρ(ξ ) = ρ(ξ–);
() ρ(δλ(ξ )) = λρ(ξ ), λ > .
Moreover, ρ(·) satisﬁes the triangle inequality
ρ(ξ · η)≤ ρ(ξ ) + ρ(η), ξ ,η ∈G. (.)
We recall that this Carnot-Carathéodory distance is equivalent to any quasi-distance




η ∈G : ρ(ξ ,η) < R} (.)
the open ball of center ξ and radius R. Since the Lebesgue measure is a Haar measure on














f (ρ)ρQ– dρ (.)
for every measurable function f .
Following [], we next brieﬂy recall some well-known results on the fundamental solu-
tion for the operator LA =
∑m
i,j= aijXiXj – ∂t in (.). There exists a positive function A in
G× (, +∞) such that the fundamental solution for LA is given by A(ξ , t;η, s) := A(η– ·
ξ , t – s). It is A(ξ , t) =  for t ≤ , A(ξ , t) = A(ξ–, t) and A(δλ(ξ ),λt) = λ–QA(ξ , t). In
particular, A vanishes at inﬁnity. For every t > ,
∫
G A(ξ , t)dξ = . For every ξ ∈G, t > 
and τ > , the following reproduction property holds (see []):





η– · ξ , t)A(η, τ )dη. (.)
One of the main tools we shall use in the paper is the following remarkable uniform
Gaussian estimates (see []): there exist positive constants C, C, C such that, for










































for every ξ ∈G, t > .
Let us introduce the class P∞loc on the Carnot group G.
Deﬁnition . A measurable function V = V (ξ , t) on G×R is said to be in the class P∞loc
if it satisﬁes for all c > ,

















c(ξ , t;η, s)
∣
∣V (ξ , t)
∣
∣dξ dt < +∞,





















c(ξ , t;η, s)
∣









t–s , for t > s.
Obviously, P∞loc ⊂ Lloc(G×R) and we have the following.
Remark . () As far as time independent V is concerned, we will show in Proposi-




ρQ–(ξ ,η) dη is bounded inG. Then
it follows that the function V (ξ ) = +ρα (ξ ) , α > Q, belongs to P∞loc. In fact all functions in
L(G)∩ L∞(G) belong to P∞loc.
() In the case when V is independent of ξ , the function V (t) = +tβ , β > , also belongs
to P∞loc. Following a similar argument to the proof of Proposition . in [], we have all
functions in L(R)∩ L∞(R) belong to P∞loc.
Let u be a positive function in L∞(G) and c > , we write
hc(ξ , t) =
∫
G
c(ξ , t;η, )u(η)dη. (.)
Following [], we introduce the following deﬁnition of weak solutions.
Deﬁnition . A function u = u(ξ , t) is called a weak solution of (.) if u,Xu, . . . ,Xmu ∈
Lloc(G× (, +∞)), Vu ∈ Lloc(G× (, +∞)) and
u(ξ , t) =
∫
G





A(ξ , t;η, s)V (η, s)up(η, s)dηds
for all (ξ , t) ∈G× (, +∞).
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The main results of the paper are the next two theorems.
Theorem. (Global existence) Let V ∈ P∞loc be a nonnegative function. For anyM > C >
, there is a constant b >  such that for each nonnegative u ∈ C(G) satisfying ‖u‖∞ ≤
b, there exists a positive continuous solution of (.) such that
M–hC (ξ , t)≤ u(ξ , t)≤Mh C (ξ , t)
for all (ξ , t) ∈G× (, +∞).
In the next theorem we present a result about the large-time behavior.
Theorem. Let V (ξ , t) = V (ξ ) ∈ P∞loc be a nonnegative function. If u ∈ C(G),
∑m
i,j= aij ×
XiXju ∈ P∞loc, and  < α ≤ u ≤ α for some positive constants α, α, then the problem




aijXiXju +V (ξ )up = . (.)
Throughout this paper, the letter C denotes a positive constant which may vary from
line to line but is independent of the terms which will take part in any limit process.
3 Preliminaries and auxiliary estimates
For α,β ≥  we use α ∨ β and α ∧ β to mean max{α,β} and min{α,β}, respectively. We
also need to use the inequality
e–θ ≤ ∨ (
m
e )m
(∨ θ )m for all θ ≥  andm > . (.)




(ξ , t), (η, s)
) ≡ ρ(ξ ,η)∨ |t – s|  , (.)
where | · | denotes the Euclidean distance on R. In particular d satisﬁes the triangle in-
equality via (.). For r > , we can also deﬁne the ball with center (ξ , t) and radius r with
respect to the parabolic distance and its complement as B((ξ , t), r) and Bc((ξ , t), r), respec-
tively.
For any β ≤ , the parabolic CC-Hölder space β (G×R) related to d is deﬁned by
β (G×R) :=
{
f ∈ L∞ ∩C : sup
(ξ ,t) =(η,s)
|f (ξ , t) – f (η, s)|
d((ξ , t), (η, s))β <∞
}
.
We refer the readers to [] for more information.
The following two lemmas concern the continuity of the potentials
∫∫
A|V |dηdswhen
V ∈ P∞loc, which will be used in the proof of Theorem .. The proof of the results in the
Euclidean case was given in [].
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Lemma . Let A ∈ M. Then there exist constants C = C() >  and c = c() >  such
that for all r ∈ (, ), (ξ, t) ∈G×R, (ξ , t) ∈ B((ξ, t),
√r





∣A(ξ , t;η, s) – A(ξ, t;η, s)
∣
∣ ≤ Cd((ξ , t), (ξ, t))
r 
c(ξ , t;η, s). (.)
Proof Case : s≥ t. The left-hand side term is equal to zero and so the inequality is trivial.
Case : t > s≥ t. From the assumptions we have  < t – s≤ t – t and ρ(ξ ,η)∨ |t – s|  ≥


√r. By noting that A(ξ, t;η, s) =  and applying (.) and (.) withm =  , we have
∣
∣A(ξ , t;η, s) – A(ξ, t;η, s)
∣
∣ ≤ C(t – s)–Q e–
ρ(ξ ,η)
C(t–s)
≤ C(t – s)














(ξ , t;η, s).
Case : t > s. We get
∣
∣A(ξ , t;η, s) – A(ξ, t;η, s)
∣
∣




∣A(ξ, t;η, s) – A(ξ, t;η, s)
∣
∣. (.)
Thus, from (.) and (.) with m =  , we have
∣
∣A(ξ , t;η, s) – A(ξ, t;η, s)
∣
∣
≤ ρ(ξ , ξ) sup
ζ :ρ(ζ ,ξ)≤ρ(ξ ,ξ)
∣
∣XA(ζ , t;η, s)
∣
∣
≤ ρ(ξ , ξ) sup
ζ :ρ(ζ ,ξ)≤ρ(ξ ,ξ)







where we have used the Lagrange mean value theorem on G (see Theorem .. in []).
On the other hand, for the previous ζ we have
ρ(ζ ,η)∨ (t – s)  ≥ ρ(ξ ,η)∨ (t – s)  – ρ(ξ , ζ )





which yields ρ(ζ ,η) + t – s≥  (ρ(ξ ,η) + t – s) and therefore
ρ(ζ ,η)




t – s –

 . (.)
Substituting (.) and (.) into (.) leads to
∣
∣A(ξ , t;η, s) – A(ξ, t;η, s)
∣




(ξ , t;η, s). (.)
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Analogously, there exists a τ ∈ (t, t) such that
∣
∣A(ξ, t;η, s) – A(ξ, t;η, s)
∣












Moreover, by applying (.) and (.) with m = Q + , and using the inequality  < τ – s <








































(ξ , t;η, s). (.)
Substituting (.) into (.) gives
∣
∣A(ξ, t;η, s) – A(ξ, t;η, s)
∣
∣ ≤ C






(ξ , t;η, s). (.)
Combining (.), (.), and (.), we obtain the inequality stated in the lemma. 
Remark . If we replace t ≥ t by t ≤ t, we obtain the same inequality provided that
c(ξ , t;η, s) is replaced by c(ξ, t;η, s).
We now set, for every (ξ , t), (ξ, t) ∈G×R,






∣A(ξ , t;η, s) – A(ξ, t;η, s)
∣
∣ · ∣∣V (η, s)∣∣dηds.
We can prove the following lemma.





KA(ξ , t; ξ, t) = .
Proof Let (ξ, t) ∈ G × R be ﬁxed. Set K = B¯((ξ, t), ). Since V ∈ P∞loc for ε > , there


























∣dηds < ε. (.)
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For ρ(ξ , ξ)∨ |t – t|  ≤
√r
 , we have






∣A(ξ , t;η, s) – A(ξ, t;η, s)
∣











· · · dηds
 I(ξ , t; ξ, t) + I(ξ , t; ξ, t).
When ρ(ξ , ξ)∨ |t – t|  ≤
√r
 , one gets from (.)
I(ξ , t; ξ, t) ≤
∫∫
B((ξ ,t),√r)














By Lemma ., for ρ(ξ , ξ)∨ |t – t|  ≤
√r
 , we have
I(ξ , t; ξ, t)≤ Cd((ξ , t)(ξ, t))
r 
Nc(V ),
which vanishes as ρ(ξ , ξ)∨ |t – t|  → . This ends the proof. 
Remark . Similarly, for (η, s), (η, s) ∈G×R and A ∈M, let






∣∗A(η, s; ξ , t) – ∗A(η, s; ξ , t)
∣
∣ · ∣∣V (ξ , t)∣∣dξ dt.
If V ∈ P∞loc, then limρ(η,η)∨|s–s|  →K
∗
A(η, s;η, s) = , where ∗A(η, s; ξ , t) = A(ξ , t;η, s) is
the fundamental solution of the formal adjoint operator to LA.
We will use the following lemma established in Lemma . of [].
Proposition . Suppose  < a < b. There exist positive constants Ca,b and c depending






a(ξ , t; ζ , τ )
∣
∣V (ζ , τ )
∣






b(ξ , t; ζ , τ )
∣
∣V (ζ , τ )
∣
∣a(ζ , τ ;η, s)dζ dτ ≤ Ca,bNc(V )a(ξ , t;η, s).
Applying an analogous proof to that of Lemma .(a) in [], we obtain the following
result, which in the Euclidean setting was ﬁrst given by Zhang [].
Lemma . Given a > , let ha(ξ , t) be as in (.), where u is a bounded nonnegative
function. Then for every given p >  and  < γ < , there exists a constant C(p,γ ) such that





for all t > .
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Proof Clearly



















t dη ≤ C,
we have






















The last inequality implies (.). This proves the claim. 
4 Proof of the existence result
In this section we shall ﬁrst prove Theorem ..
Proof Suppose that the initial value u ∈ C(G) is nonnegative and satisﬁes ‖u‖∞ ≤ b
for some constant b > . Let
h(ξ , t) =
∫
G
A(ξ , t;η, )u(η)dη.
Then the function h is continuous on G × [, +∞) and  ≤ h ≤ ‖u‖∞. In fact, for any




A(ξ , t;η, )u(η)dη < ε. (.)
For any (ξ , t), (ξ, t) ∈G× [, +∞) satisfying ρ(ξ , ξ)∨ |t – t|  ≤
√r
 , we have
∣



















· · · dη
 I¯(ξ , t; ξ, t) + I¯(ξ , t; ξ, t).









A(ξ, t;η, )u(η)dη < ε.
Further, using Lemma . we have clearly that I¯(ξ , t; ξ, t)→  as ρ(ξ , ξ)∨ |t – t|  → .
It follows that h is continuous on G× [, +∞).
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We denote by Cb(G × [, +∞)) the set of all bounded continuous functions on G ×
[, +∞) and note that (Cb(G × [, +∞)),‖ · ‖∞) is a Banach space. For M > C > , let





G× [, +∞)) :M–hC ≤ u≤Mh C
}
.
Obviously S is a nonempty closed subset of Cb(G× [, +∞)). We deﬁne an integral oper-
ator T on Cb(G× [, +∞)) by





A(ξ , t;η, s)V (η, s)up(η, s)dηds. (.)
Since u is bounded, it follows from Lemma . that Tu ∈ Cb(G× [, +∞)). Moreover, since
u≤Mh 
C
(ξ , t), according to Lemma . one has
up(η, s) ≤ Mp[h 
C
(η, s)









for every γ ∈ (, ).
Now taking γ <  such that pγ > , we obtain






η, spγ ; ζ , 
)
u(ζ )dζ . (.)
Substituting (.) into (.) and using Proposition .(i), we have








A(ξ , t;η, s)V (η, s) C
(
η, spγ ; ζ , 
)
dηdsu(ζ )dζ
≤ C(p,γ )C(pγ )Q Mpbp– C C , pγC Nc(V )h C (ξ , t). (.)
It follows that, for b suﬃciently small,
Tu(ξ , t)≤Mh 
C
(ξ , t). (.)
In addition,
Tu(ξ , t)≥ h(ξ , t)≥M–hC (ξ , t) (.)
since V ≥ . Equations (.) and (.) show that Tu ∈ S and so TS ⊂ S.
Moreover, for all u, v ∈ S, we have





A(ξ , t;η, s)V (η, s)
[
up(η, s) – vp(η, s)
]
dηds.
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By a straightforward computation using (.),
∣
∣up(η, s) – vp(η, s)
∣
∣ ≤ p∣∣u(η, s) – v(η, s)∣∣ · ∣∣up–(η, s) + vp–(η, s)∣∣















A(ξ , t;η, s)V (η, s)dηds
≤ Cp(Mb)p–N C (V )‖u – v‖∞.
In particular for b small enough, we obtain ‖Tu – Tv‖∞ ≤ ‖u – v‖∞, which means
that T is a  -Lipschitz mapping form S into itself. Therefore, according to the ﬁxed point
theorem there exists u ∈ S such that Tu = u. This completes the proof. 
The next theorem shows that when V ≥ , the condition Nc(V ) < +∞ in the deﬁnition
of class P∞loc is optimal for Theorem . to hold.
Theorem . Assume that V is deﬁned on G × (, +∞), V ≥ , and the result of Theo-












Proof According to the assumptions, for all M > C >  there is a constant b such that
for each nonnegative u ∈ C(G) with ‖u‖∞ ≤ b, there exists a solution u of the integral
equation
u(ξ , t) =
∫
G















(ξ , t;η, )u(η)dη.




G A(ξ , t;η, s)V (η, s)up(η, s)dηds and M–bC ≤






















A(ξ , t;η, s)V (η, s)dηds≤ (MC – )b–p MpC–p < +∞.
Combining this with (.), we deduce the result. 
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5 Proof of the asymptotic behavior
This section is divided into two parts. In the ﬁrst part we establish the global Gaussian
upper bounds for fundamental solutions of certain linear degenerate parabolic equations.
We emphasize that the parameters in the bounds are independent of time. In the next part
we will prove Theorem . by means of the newly obtained Gaussian estimates.
Lemma . Let A ∈M, V (ξ , t) ∈ β (G×R) ( < β < ), and  be the fundamental solu-
tion of the degenerate parabolic operator
m∑
i,j=
aijXiXju(ξ , t) –
∂
∂t u(ξ , t) +V (ξ , t)u(ξ , t).
Suppose that Nc′ (V ) is suﬃciently small for a suitable c′ > . Then there exist positive con-
stants a and C such that
(ξ , t;η, )≤ Ct–Q e–a ρ
(ξ ,η)
t
for all t >  and ξ ,η ∈G.
Proof Without loss of generality, we assume that V is bounded and supported in G ×
[,T], where T is a positive number. The general case can be covered by a limiting argu-
ment. What is important is to make sure all constants are independent of T .
According to the result in Bramanti et al. [], there are positive constants a < C and
B = B(T) such that
(ξ , t;η, s)≤ B(t – s)–Q e–a ρ
(ξ ,η)
t–s (.)
for all ξ ,η ∈G and s < t. We suppose that B is the smallest positive number satisfying (.).
We claim that such a B does exist by our extra assumption that V (ξ , t) =  and thus  = A
if t > T . For t ≤ T , the claim can be checked by showing that B depends on V only in the
form of Nc′ (V ).
By the Duhamel principle, (.) and (.), we have, for all ξ ,η ∈G and s < t,





(ξ , t; ζ , τ )
∣
∣V (ζ , τ )
∣
∣A(ζ , τ ;η, s)dζ dτ


















C(τ–s) dζ dτ .
We then derive from Proposition .
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Hence, by the deﬁnition of B, we obtain
B≤ C + BCa, C Nc′ (V ).
When Ca, C
Nc′ (V ) <  we have B≤ C. This ﬁnishes the proof. 
Now we are ready to give the proof of Theorem ..
Proof First we recall the assumptions imposed on the initial function u:
u ∈ C(G),  < α ≤ u ≤ α,
where α is a small number so that (.) has global positive solutions by Theorem .. The









|∑mi,j= aijXiXju(η)| + |V (η)|
ρQ–(ξ ,η) dη < +∞, (.)
which will be proved in Proposition A. in the Appendix.
We temporarily assume that V is smooth. Hence the solution u(ξ , t) of (.) is smooth.
Let us write w = ut . Diﬀerentiating (.), we ﬁnd that w solves
{∑m
i,j= aijXiXjw – ∂∂t w + pV (ξ )up–(ξ , t)w(ξ , t) = , (ξ , t) ∈G× (, +∞),
w(ξ , ) =
∑m
i,j= aijXiXju(ξ ) +V (ξ )u
p
(ξ ), ξ ∈G,Q≥ .
(.)
Let V(ξ , t) = pV (ξ )up–(ξ , t) and let ¯ be the fundamental solution of the operator
∑m
i,j= aijXiXj – ∂t +V. Then
w(ξ , t) =
∫
G






When u is small, we know by Theorem . that u is small, and so Nc(V)≤ p sup |u|p– ×
Nc(V ) is small. From Lemma ., there exist positive constants a, C independent of t, ξ ,
and η such that
¯(ξ , t;η, )≤ Ct–Q e–a ρ
(ξ ,η)
t . (.)
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dη < +∞, (.)








Now we deﬁne the function
u∞(ξ ) = limt→+∞u(ξ , t). (.)
We claim that the rate of convergence in (.) depends only on ξ and the rate of conver-





|∑mi,j= aijXiXju(η)| + |V (η)|
ρQ–(ξ ,η) dη = .
Here is a proof of the claim. Obviously, for a ﬁxed ξ and any ε > , there exists a constant
M >  such that
∫
ρ(ξ ,η)≥M
|∑mi,j= aijXiXju(η)| + |V (η)|
ρ(ξ ,η)Q– dη <
ε
 .
From (.), we have
∣









































































































≤ Ct–Q– MQ– + Cε < Cε, (.)
when t is suﬃciently large. This proves the claim.





























by using the obvious inequality t–Q e–a ρ
(ξ ,η)
t ≤ CtρQ–(ξ ,η) .
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It remains to prove that u = u∞(ξ ) is a non-trivial positive solution of the subelliptic









ut(ξ , t)φ(ξ )dξ +
∫
G
V (ξ )up(ξ , t)φ(ξ )dξ = .









V (ξ )up∞(ξ )φ(ξ )dξ = .
According to Theorem . we ﬁnd that u = u(ξ , t) is bounded away from zero when u ≥
α > . Therefore, u∞ is a positive solution of the subelliptic equation.
Now we set V ∈ P∞loc. We claim that there is a sequence of smooth functions {Vn} such










ρQ–(ξ ,η) dη. (.)









)– · η)dζ .


























ρQ–(ξ , δ 
n















This proves the claim.
The previous argument implies that, for each n, there is a global solution un of (.) when
V is replaced by the smooth function Vn. Moreover, limt→∞ un(ξ , t) = un,∞(ξ ) pointwise.
The claim about the rate of convergence of (.) and (.) show that the convergence is
uniformwith respect to n. Therefore, a subsequence, still called {un}, converges uniformly
to a function u(ξ , t) in any compact subset of G × (, +∞). Following the previous argu-
ment, we ﬁnd that u is a positive solution of (.) and u = u(ξ , t) converges pointwise to a
u∞(ξ ) as t → +∞, and u∞(ξ ) is a positive solution of (.). 
Appendix
The objective of the section is to give two propositions about the class P∞loc, among which
Proposition A. was used to obtain (.) in Section . The corresponding results in the
Euclidean case were ﬁrst given in [].
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For a measurable function V on G×R, we put
















A(ξ , t;η, s)
∣
∣V (ξ , t)
∣
∣dξ dt. (A.)
By Lemma . and Remark . we obviously have the following result.
Proposition A. Let V ∈ L(G×R) ∩ P∞loc. Then for all A ∈ M, the potentials pVA ,p∗VA ∈
Cb(G×R).
Proposition A. Let V (ξ , t) = V (ξ ) ∈ L(G). Then V ∈ P∞loc if and only if the potential




ρQ–(ξ ,η)dη ∈ Cb(G).
Proof We ﬁrst give the proof of the suﬃciency. Assume that V (ξ ) ∈ L(G) and pV (ξ ) ∈
Cb(G). We then obtain









ρQ–(ξ ,η) dξ < C
for some constant C > .
For simplicity we write, for r ∈ (, ),





ρQ–(ξ ,η) dη, q
V










∣qVr (ξ ) – qVr (ξ)
∣
∣ ≤ J(ξ , ξ) + J(ξ , ξ),
where





















J(ξ , ξ) =
∫
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Therefore




















On the other hand, by the dominated convergence theorem, we also have
J(ξ , ξ)→  as ρ(ξ , ξ)→ .
Hence qVr (ξ ) is continuous. We then have pVr (ξ ) = pV (ξ ) – qVr (ξ ) is continuous and
limr→ pVr (ξ ) = . So, by theDini theorem, limr→ supξ∈K ′ pVr (ξ ) =  for any compact subset












































for any compact K ⊂G×R. Thus V ∈ P∞loc.
We can now proceed to the proof of the necessity. Let V ∈ L(G)∩ P∞loc. By (.) and the

















ρQ–(ξ ,η) dη < ε.
Therefore, when ρ(ξ , ξ) <
√r
 , it follows that
∣






























· · · dη
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and










· ∣∣V (η)∣∣dη → 
as ρ(ξ , ξ)→ . This ﬁnishes the proof. 
Competing interests
The author declares to have no competing interests.
Acknowledgements
The author would like to thank the editor and the reviewers for their helpful suggestions and constructive comments.
This project is supported by the Fundamental Research Funds for the Central Universities (ZYGX2013J108).
Received: 16 September 2014 Accepted: 25 June 2015
References
1. Fujita, H: On the blowing up of solutions of the Cauchy problem for ut =u + u1+α . J. Fac. Sci., Univ. Tokyo, Sect. I 13,
109-124 (1966)
2. Levine, H, Meier, P: The value of the critical exponent for reaction-diﬀusion equations in cones. Arch. Ration. Mech.
Anal. 109, 73-80 (1990)
3. Yuan, ZX, Niu, PC: Semilinear degenerate evolution inequalities with singular potential constructed from the
generalized Greiner vector ﬁelds. J. Geom. Phys. 57, 1293-1302 (2007)
4. Zhang, Q: Global existence and local continuity of solutions for semilinear parabolic equations. Commun. Partial
Diﬀer. Equ. 22, 1529-1557 (1997)
5. Zhang, Q, Zhao, Z: Global asymptotic behavior of solutions of a semilinear parabolic equation. Proc. Am. Math. Soc.
126, 1491-1500 (1998)
6. Riahi, L: On a semilinear parabolic equation. Proc. Am. Math. Soc. 135, 59-68 (2007)
7. Zhang, Q: The critical exponent of a reaction diﬀusion equation on some Lie groups. Math. Z. 228, 51-72 (1998)
8. Huang, QB, Lu, GZ: On a priori C1,α andW2,p estimates for a parabolic Monge-Ampère equation in the Gauss
curvature ﬂows. Am. J. Math. 128, 453-480 (2006)
9. Montanari, A, Lanconelli, E: Pseudoconvex fully nonlinear partial diﬀerential operators, strong comparison theorems.
J. Diﬀer. Equ. 202, 306-331 (2004)
10. Citti, G, Sarti, A: A cortical based model of perceptual completion in the roto-translation space. J. Math. Imaging Vis.
24, 307-326 (2006)
11. Bonﬁglioli, A, Lanconelli, E, Uguzzoni, F: Uniform Gaussian estimates of the fundamental solutions for heat operators
on Carnot groups. Adv. Diﬀer. Equ. 7, 1153-1192 (2002)
12. Bonﬁglioli, A, Uguzzoni, F: Harnack inequality for non-divergence form operators on stratiﬁed groups. Trans. Am.
Math. Soc. 359, 2463-2481 (2007)
13. Bramanti, M, Brandolini, L, Lanconelli, E, Uguzzoni, F: Heat kernels for non-divergence operators of Hörmander type.
C. R. Acad. Sci. Paris, Ser. I 343, 463-466 (2006)
14. Zhu, MC, Niu, PC: InteriorW1,p regularity and Hölder continuity of weak solutions to a class of divergence
Kolmogorov equations with discontinuous coeﬃcients. Milan J. Math. 81, 317-346 (2013)
15. Bonﬁglioli, A, Lanconelli, E, Uguzzoni, F: Stratiﬁed Lie Groups and Potential Theory for Their Sub-Laplacians. Springer
Monographs in Mathematics. Springer, Berlin (2007)
16. Bramanti, M, Brandolini, L, Lanconelli, E Uguzzoni, F: Non-divergence Equations Structured on Hörmander Vector
Fields: Heat Kernels and Harnack Inequalities. Am. Math. Soc., Providence (2010)
17. Ferrari, F, Valdinoci, E: A geometric inequality in the Heisenberg group and its applications to stable solutions of
semilinear problems. Math. Ann. 343, 351-370 (2009)
18. Pinamonti, A, Valdinoci, E: A geometric inequality for stable solutions of semilinear elliptic problems in the Engel
group. Ann. Acad. Sci. Fenn., Math. 37, 357-373 (2012)
